This short note contains proof of existence of nontrivial sections of ample line bundle generating Picard group on smooth Fano variety having dimension 4 or 5 and analogous result for fundamental line bundle on Fano 5-fold of index 1, regardless of Picard group. The five dimensional cases are -according to the author's knowledge -unknown in literature.
Our setting is as follows: X is a smooth, projective, algebraic variety over C whose anticanonical bundle −K X is ample, i.e. X is Fano. Moreover we assume that Picard group Pic X is isomorphic to Z and we denote ample generator of this group by L. Then −K X = i X L for some positive integer i X called index of X. We may also define coindex c X , equal to dim(X) + 1 − i X . For brevity we will identify line bundles with their first Chern class, i.e. we will write L k instead of c 1 (L) k . We may observe that we have c 1 (T X) = −K X = i X L. By standard application of Kodaira vanishing and Serre duality we know that H p (X, L) = 0 for p > 0, so χ(X, L) = h 0 (X, L) and we may use Hirzebruch-Riemann-Roch theorem to estimate the latter quantity. Non-vanishing of this cohomology group is a special case of Kawamata-Ambro conjecture ([7, Conjecture 2.1]):
Conjecture. Let X be complete normal variety, B an effective Rdivisor on X such that (X, B) is KLT-pair and D is a Cartier and nef divisor on X. Assume that D − (K X + B) is big and nef. Then H 0 (X, D) = 0.
Our interest in this problem in given setting is motivated by methods of [1] and desire to improve them. In particular, presented results can strenghten [1, Lemma 3.7] and consequently machinery of lemmas and propositions: [1, Corollary 3.8], [1, Proposition 3.9], [1, Lemma 4.7] and [1, Lemma 4.8] can work with weaker assumptions on dimension of automorphism group of a given variety. In computations we will rely on Bogomolov-Gieseker inequality ([9, Theorem 0.1]), which in our setting has form:
and which is satisfied if T X is stable with respect to K X . This property for Fano manifolds with b 2 = 1 was established by Peternell and
Date:
Wiśniewski ([13, Corollary 2.10]) for dim X = 4 and Hwang ([6, Theorem 2]) for dim X = 5.
Lemma 1. In setting as above, if X has dimension 4 then h 0 (X, L) ≥ 2.
Proof. From Hirzebruch-Riemann-Roch it follows that:
Bogomolov-Gieseker inequality has form:
Using this inequality to get rid of expressions with c 2 (T X) in HRR formula we get:
The result follows since for Fano manifolds χ(X, O X ) = 1 and L 4 > 0.
Lemma 2. In the setting as above, if X has dimension 5 then h 0 (X, L) ≥ 3.
Proof. Again we use Hirzebruch-Riemann-Roch to find out that:
The crucial observation is that the first summand is equal to:
so we may get rid of higher Chern classes in our expression and obtain:
we may again use Bogomolov-Gieseker to get:
and finally we arrive at:
Remark 1. Bounds on h 0 (X, L) computed from obtained inequalities are as follows (everywhere we assume that L n ≥ 1 and χ(X, O X ) = 1):
We may use existing results on classification of smooth, n-dimensional Fano manifolds to check how good our bounds are.
• If c X = 0 then by Kobayashi-Ochiai theorem ([8]) X ≃ P n , L ≃ O(1) and we know that this bundle has exactly n + 1 global sections. • If c X = 1 then again by [8] X is a smooth quadric hypersurface in P n+1 and h 0 (X, L) = n + 2. Obtained bounds cease to be exact, but it is so only because we put L n = 1 and in this case it is equal to 2. • If c X = 2 and b 2 (X) = 1 then classification was given by Fujita ([3] , [4] , [5] ). In all cases, n+L n −h 0 (X, L) = 1. Then X can be either weighted hypersurface od degree 6 in weighted projective space P(3, 2, 1, ..., 1)(with L n = 1), two-sheeted branched covering of P n (with L n = 2), smooth hypercubic (with L n = 3), complete intersection of two quadrics (with L n = 4) or linear section of Grass(2, 5) embedded by Plücker coordinate. In this case the difference between our estimates and exact values of dimensions of space of sections is 1 (n = 4) or 2 (n = 5) in best case and 5 (n = 4) or 6 (n = 5) in worst case. Again, knowing value of L n improves our estimates, so in the worst cases difference is equal to 2. • If c X = 3 and b 2 (X) = 1 then by Mukai ([12]) we have: g = 1 2 L n + 1, h 0 (X, L) = n + g. Under additional assumption on existence of smooth member in |L| (which was shown to hold by Mella [11] ) X is either complete intersection of hypersurfaces (if g ≤ 5) or it is linear section of Σ g (U, M) -space of linear subspaces of vector space U isotropic with respect to some multilinear form M. We may notice that even in the best case (i.e. when g = 2) the difference between obtained bounds and real values is equal to 4, and it doesn't change even if we suppose that L n ≥ 2.
Remark 2. In [2] Floris proved existence of sections for Fano manifolds X of index dim X − 3 (assuming semistability in dimensions 6 and 7). In the light of this, only new result here is case of 5 dimensional Fano with index equal to 1. Later Liu ([10]) obtained inequality analogous to Bogomolov-Gieseker for Fano manifolds with Picard number equal to 1, but it does not need semistability and so he was able to improve result of Floris by getting rid of semistability assumption.
Remark 3. It has been proved by Reid ([14] ) that Fano manifolds of index 1 have stable tangent bundles (regardless of rank of Picard group). Therefore our proof for Fano of dimension 5 and index 1 works also without assumption on Picard group, but L no longer is the ample generator of Picard group, but fundamental divisor (equivalent with −K X ).
